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12. Investment with uncertain costs and returns. (p.66) Consider the following project. The
initial cost is S. The income is estimated to be R̃ at the end of each year. The annual cost of
operating the new system is estimated to be C̃ at the end of each year. These estimates may
err substantially. Use a fractional error info-gap model for costs and returns:

U(h)
{
R,C :

∣∣∣∣∣
Rk − R̃

εRR̃

∣∣∣∣∣ ≤ h,

∣∣∣∣∣
Ck − C̃

εCC̃

∣∣∣∣∣ ≤ h, k = 1, . . . , N

}
, h ≥ 0 (2)

The company’s minimal acceptable rate of return (MARR) is i. The system will operate for N
years.
(a) Derive the robustness function of the PW.
(b) Compare two realizations of this system with the following characteristics:

PW(R̃1, C̃1) < PW(R̃2, C̃2) (3)

ε1,RR̃1 + ε1,CC̃1 < ε2,RR̃2 + ε2,CC̃2 (4)

For what values of the PW do you prefer option 1? Provide an intuitive explanation of the
results.
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13. Investment with uncertain probabilistic returns. (p.68) Consider the following project. The
initial cost is S. The income is R at the end of each year. The annual cost of operating is C

at the end of each year. The company’s minimal acceptable rate of return (MARR) is i. The
system will operate for N years.
(a) Suppose that R is the same each year but that its value is a random variable with an
exponential distribution: p(R) = λe−λR, for R ≥ 0. Derive an expression for the probability of
“failure”: PW less than the critical value PWc.
(b) Suppose that R is the same each year but that its value is a random variable with an
exponential distribution as in part (a), and that λ is uncertain. The estimated value is λ̃, but
the fractional error of this estimate is unknown. We require that the probability of failure not
exceed a critical value Pfc. Derive the robustness function.
(c)‡ Suppose that R is the same each year but that its value is a random variable whose
distribution is thought to be exponential with coefficient λ̃. However, the absolute error of this
probability density is unknown. Consider the special case that the estimated probability of
failure is much less than 1. Derive the robustness function for avoiding failure.
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Solution to Problem 12, Investment with uncertain costs and returns, (p.10).
(a)
• S = Initial cost of the project.
• R̃ = estimated revenue at the end of each period.
• C̃ = estimated operating cost at the end of each period.
• N = number of periods.
• MARR = i.
The PW is:

PW (R,C) = −S +
N∑

k=1

(1 + i)−kRk −
N∑

k=1

(1 + i)−kCk (154)

The robustness is defined as:

ĥ = max

{
h :

(
min

R,C∈U(h)
PW(R,C)

)
≥ PWc

}
(155)

Let m(h) denote the inner minimum, which occurs when:

Rk = R̃− εRR̃h = R̃(1− εRh), Ck = C̃ + εCC̃h = C̃(1 + εCh) (156)

Thus:

m(h) = −S +
N∑

k=1

(1 + i)−kR̃(1− εRh)−
N∑

k=1

(1 + i)−kC̃(1 + εCh) (157)

= PW(R̃, C̃)− (εRR̃+ εCC̃)h
N∑

k=1

(1 + i)−k (158)

= PW(R̃, C̃)− (εRR̃+ εCC̃)h
1− (1 + i)−N

i
(159)

Equate this to PWc and solve for h to obtain the robustness:

ĥ =
PW(R̃, C̃)− PWc

εRR̃+ εCC̃

i

1− (1 + i)−N
(160)

or zero if this is negative.

(b) The conditions of eqs.(3) and (4) cause the robustness curves of the two options to cross
(see fig. 5), where option 1 is nominally worse but with lower cost of robustness (steeper robustness
curve). Thus, the robustness criterion prefers option 1 when PWc is less than the value, PW×,
at which the robustness curves cross one another. This is obtained by equating the robustness
functions:

ĥ1 = ĥ2 =⇒ PW(R̃1, C̃1)− PW×

ε1,RR̃1 + ε1,CC̃1

=
PW(R̃2, C̃2)− PW×

ε2,RR̃2 + ε2,CC̃2

(161)

=⇒ PW× =
P̃W1E2 − P̃W2E1

E2 − E1
(162)

which is positive if:
P̃W1

E1
>

P̃W2

E2
(163)
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Figure 5: Robustnesses vs
critical present worth, prob-
lem 12(b).

where we have defined:
Ei = εi,RR̃i + εi,CC̃i, P̃Wi = PW(R̃i, C̃i) (164)

In summary:
option 1 ≻ option 2 if PWc < PW× (165)
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Solution to Problem 13, Investment with uncertain probabilistic returns, (p.11).
(a)
• S = Initial cost of the project.
• R = estimated revenue at the end of each period.
• C = estimated operating cost at the end of each period.
• N = number of periods.
• MARR = i.
The PW is:

PW (R) = −S +
N∑

k=1

(1 + i)−kR−
N∑

k=1

(1 + i)−kC (166)

= −S + (R− C)
1− (1 + i)−N

i︸ ︷︷ ︸
δ

(167)

The probability of failure is:

Pf = Prob(PW ≤ PWc) (168)

= Prob(−S + (R− C)δ ≤ PWc) (169)

= Prob
(
R ≤ PWc + S + δC

δ

)
(170)

= Prob (R ≤ Rc) (which defines Rc) (171)

=

∫ Rc

0
p(R) dR (172)

= 1− e−λRc (173)

(b) The info-gap model for uncertain exponential distribution is:

U(h) =
{
p(R) = λe−λR : λ ≥ 0,

∣∣∣∣∣
λ− λ̃

λ̃

∣∣∣∣∣ ≤ h

}
, h ≥ 0 (174)

The robustness is defined as:

ĥ = max

{
h :

(
max
p∈U(h)

Pf(p)

)
≤ Pfc

}
(175)

Let m(h) denote the inner maximum, which occurs when λ is as large as possible at horizon of
uncertainty h: λ = (1 + h)λ̃. Thus:

m(h) = 1− exp
[
−(1 + h)λ̃Rc

]
(176)

We require:
1− exp

[
−(1 + h)λ̃Rc

]
≤ Pfc (177)

Solve for h to obtain the robustness:

ĥ(Pfc) = −1− ln(1− Pfc)

λ̃Rc

(178)

We see that ĥ(Pfc) = 0 when Pfc = Pf(p̃). Also, ĥ > 0 when Pfc > Pf(p̃).
(c) Let P denote the set of all mathematically legitimate pdf’s. The info-gap model is:

U(h) = {p(R) : p(R) ∈ P, |p(R)− p̃(R)| ≤ h} , h ≥ 0 (179)
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The robustness is the same as eq.(175) with the new info-gap model.
The estimated probability of failure, from eq.(173), is:

Pf(p̃) = 1− e−λ̃Rc (180)

We are told that Pf(p̃) ≪ 1, so:
Rc ≪ 1/λ̃ (181)

Thus, from eq.(172), we see that the inner maximum, m(h), occurs when p(R) is a large as
possible in the interval 0 ≤ R ≤ Rc:

p(R) = p̃(R) + h, R ≤ Rc (182)

Because of eq.(181) we will be able to normalize this pdf by reducing the tail for R > Rc.
Now we find that:

m(h) =

∫ Rc

0
(p̃(R) + h) dR = 1− e−λ̃Rc

︸ ︷︷ ︸
Pf(p̃)

+hRc (183)

Equating this to Pfc and solving for h yields the robustness:

Pf(p̃) + hRc = Pfc =⇒ ĥ(Pfc) =
Pfc − Pf(p̃)

Rc
(184)

or zero if this is negative.


