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15. Benefit-cost ratio of two design concepts. (p.70) Consider two design concepts. For both
concepts the benefit and maintenance cost at the end of each year is $4,000 and $1,500,
respectively. The interest rate is i = 0.05.

(a) Evaluate the benefit-cost ratios of the two design concepts, where the anticipated usable
lifetimes of designs 1 and 2 are N; = 3 years and N, = 5 years. The initial investments in
designs 1 and 2 are S; = $20,000 Sy = $33, 333. Which design has a better benefit-cost ratio
(BCR)? Why? Note that S;/N; = S2/N»2. So why is the BCR result surprising?

(b) For what ratio of initial investment is the BCR the same for the two designs? What does
this imply about the initial costs of the two designs?
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16. Present worth or benefit-cost ratio? (p.72) Consider two design concepts for a system with
N = 5 year expected life, financed at an interest rate of i« = 0.05. For the jth system, the
initial cost is S; and the benefit and maintenance costs at the end of each year are B; and C;
respectively. Consider specific values:

By = $1,270.35, C, = $461.95, S; = $1,000.
By = $1,154.87, Cy = $415.75, So = $800.

(a) One team of analysts uses the present worth method to compare these concepts, and
another team uses the benefit-cost ratio. What do they recommend? Do they agree? What
does this imply?

(b) Now consider fractional uncertainty in benefits and costs with the following info-gap model:

_Sh,j:1,2}, h>0 (5)

The nominal values, E’j and C“j, take the previous numerical values. The uncertainty weights,
wg,; and wc,;, are known positive values.

Derive separate robustness functions for satisficing the PW and satisficing the BCR, for each
design. You will derive 4 robustness functions. Does the robust prioritization of the designs
based on PW, necessarily agree with the robust prioritization based on BCR? Explain.
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Solution to Problem 15, Benefit-cost ratio of two design concepts, (p.13).

(a) Present worth of the benefits of design j are:

N]

Bpw(j) = > (1+i)"B (171)
n=1

= 1(Z+Z>j3 (172)

= 6;(i)B (173)

Present worth of the initial investment and maintenance costs of design j are:

Nj
Cow(j) = S+> (1+i)"C (174)
n=1
_ N\ —N;
— S+ 1(11,“)0 (175)
= S+64(0)C (176)
The BCR of design j is:
, Bpuw(j)
BCR(j) = 2~ (177)
b) Cpw(7)
o7 (i) B
= i 178
Sj+65;(4)C (178)
The discount factors for the two designs are:
6p1(i) = 2.7232, &po(i) = 4.3295 (179)

dr1 is less than 64, because Ny < N2. However, the ratio is greater than the ratio of the durations:

Ny
—06290>06— 180
5f2 N, (180)

The reason: later periods get less weight than earlier periods.
The BCRs of the two designs are:

2.7232 x 4,000
BCR(1) = - = 0.452 181
CR{1) 20,000 + 2.7232 x 1,500 04523 (181)

4.3295 x 4,000
BCR(2) = ’ = 0.4348 182
2) 33,333 + 4.3295 x 1,500 (182)

Both the benefits and the costs are lower for design 1 than for design 2, but the BCRs are nearly the
same. Nonetheless, design 1 has a better (higher) ratio even though the costs and benefits each
period are the same and the initial investment per year is the same (S;/N; = S2/N2). The reason:
The benefits over 5 years from design 2 are discounted disproportionately, as shown in eq.(180).
Even though the initial investments look the same for both designs, they are not because future
benefits are discounted.

(b) Equate the BCRs and solve for the ratio S;/5s:

5B ;B

BCR(1) = BOR(2) — "0 = o5

- (82 + 5f20)5f1 = (Sl + 5f10)5f2(183)

S 5f1
2L i 184
Sy dr2 (184)
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The BCRs will be the same if the ratio of initial investments, S; /S», equals the ratio § ¢ /d 2. However,
the initial investments are proportional to the lifetimes, S1 /52 = N1 /N, = 3/5 = 0.6, and the discount
functions are not: d1/0r2 = 0.6290. In other words, design 1 has a better BCR than design 2
because design 1 is under-priced relative to the initial cost of design 2. lts “discounted fair price”,
resulting in the same BCR for both designs, would be:

b
Sy = 5—”52 = 0.629 x $33,333 = $20,966 > 20, 000 (185)
12

Design 1 has a higher benefit-to-cost ratio because its initial cost is low; it is a better buy: more
benefit per dollar (of initial investment and discounted maintenance cost).



EconDecMakHWO02.tex PROBLEM SET ON EcoNoMIC DECISION MAKING FOR ENGINEERS 72

Solution to Problem 16, Present worth or benefit-cost ratio? (p.14).
(a) Present worth of the benefits of design j are:

N
Bu(j) = Y.(1+i)7"B; (186)
n=1
L0y (187)
= 6;(i)B; (188)

Present worth of the initial investment and maintenance costs of design j are:

N
Cpu() = Sj+ (1+1)7"C; (189)
n=1
L e (190)
= Sj+67(0)C; (191)

The present worth of design j is:
PW; = Bpu(j) — Cpw(j) = 65(i)Bj — S — 67(i)C; (192)

The BCR of design j is:

N Beuwld)
BCR(j) = Conli) (193)
_ 9B
TS +6,G)C; (194)
The discount function is 07(i) = 4.3295. Thus:
Bpw(1) = $5,500, S1+Cpy (1) = $1,000+$2,000 = $3,000. Thus PW(1) = $2,500 and BCR(1) =
1.8333.
Bpw(2) = $5,000, S + Cpy(2) = $800 + $1,800 = $2,600. Thus PW(2) = $2,400 and BCR(2) =
1.9231.
Hence: PW(1) > PW(2) so design 1 is PW-preferred.
But: BCR(2) > BCR(1) so design 2 is BCR-preferred.
The teams disagree. Objective economic analysis is not always unique.
(b) The robustness function for the PW of design j is defined as:

- . i >
hpw,j = max {h (B’Cr‘rg}(h) PWJ> > PWC} (195)
where PW; is specified by eq.(192).

The robustness function for the BCR of design j is defined as:

Riperj = max{h: ( min BCRj> > BCRC} (196)
B,Celd(h)
where BCR; is specified by eq.(194).
Let 1m,,, ; denote the inner minimum in eq.(195), which is the inverse of 7, ;. Similarly, let 7.
denote the inner minimum in eq.(196), which is the inverse of Ebcm.
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Both of these inverses occur, at horizon of uncertainty h, for:
Bj = Ej — wBJh, Cj = 6]' + wc,jh
Thus:

mpw’j = (EJ — ’LUBJ‘h)(Sf — Sj — (é] + U}C?jh)(Sf = ﬂ/\//j — h(wBJ' + wc,j)éf 2 PWC

Hence:
~ PW, — PW,

PO (wp j +we j)df

Similarly: B
B< _ .
Myer,; = ( L =~ wBJh)df Z BCRC

S;+(C;+ wc,jh)éf

Hence:

o (BCR; — BCR.)(S; + C;d;)
rd (wBJ + wcvaCRC)(sf
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(197)

(198)

(199)

(200)

(201)

The nominal values are the same as before, so the nominal prioritization disagrees between PW

and BCR:
PW; > PW, but BCR1 < BCR2

(202)

However, the costs of robustness (slopes of the robustness functions) for PW and BCR depend
differently on the parameters. Thus there may be curve-crossing and preference reversal for one
criterion (PW or BCR) but perhaps not for the other. Also, the critical values at which curve crossing
occurs may be interpreted differently for the two criteria. Thus the robust prioritization based on PW

may or may not agree with the robust prioritization based on BCR.





